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By making use of a single-particle potential which does not have axial symmetry, we account for the
anomalously low magnetic moments of W18, Os!®7, and Fe®”. The low-energy spectrum of W8 and observed
electromagnetic transitions are treated in detail. We find good agreement between the calculations and the

experimental observations.

HE nuclei W', Os!#7! and Fe’? are similar in
that they have an odd neutron, ground-state
spins of %, and anomalously small magnetic moments
when compared with the values calculated with single-
particle wave functions obtained from an axially sym-
metric harmonic oscillator potential. In this paper, we
apply the single-particle wave functions of an asym-
metric harmonic oscillator potential to a calculation of
these magnetic moments. Using this single-particle po-
tential, together with an asymmetric rotor Hamiltonian,
we also compute certain quantities associated with the
low-lying energy levels in W%, The magnetic moment
calculation indicates that the asymmetric oscillator po-
tential affords a better description of the physical
situation than the axially symmetric oscillator. The
calculations on W'# point out a discrepancy between
the single-particle potential used in the calculation and
the hydrodynamic model’s method of computing rota-
tional moments of inertia.?
The Hamiltonian which we use in our calculations is

H= Hsp+HR7 (1)
where
3 /P2
Hy=3" (————+w,2X.2+Cl.~-S.-+Dl.2) (2)
i=1 \2m
and

He= 3 Adli— T2, 3)

im1
In H,,, we take

wr=wo(14-6/3+¢),
wa=wo(146/3—¢), (4)
w3=wo(1—256/3),

which differs from the single-particle Hamiltonian used
by Nilsson* only in the inclusion of € in w; and w.. For
C and D, we use the numerical values recommended in
reference 1, and in the calculation of single-particle

1 Based on work performed under the auspices of the U. S.
Atomic Energy Commission.
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wave functions, we ignore the interaction between
different shells of our spherical harmonic oscillator basis
representation. Here 1 and s are the single-particle
orbital and intrinsic angular momenta and

14+s=J, (5)
J+R=], (6)

where R is the rotor angular momentum and I is the
total angular momentum of the system; @ is the projec-
tion of J on a body fixed 3-axis and K is the projection
of I on the same axis (for e=0, it is the nuclear sym-
metry axis). A, A2, and A; are the three rotational
inertia constants.

Because the single-particle potential is not spherically
symmetric, J is not a constant of the motion, just as in
the axially symmetric oscillator. Here we have the
additional complication for €0, that @ is no longer a
constant of the motion, but each single-particle state
contains many  values, which differ from each other by
an even integer. Similarly, when 4,#4,, K will no
longer be a constant of the motion but each I state may
contain K, K=42, K=44---%|I|. Due to requirements
of rotational symmetry, (K—Q) must be an even integer
and this is accomplished by restricting both of them to
the values +1, —3, +3%, —1, - - -. For our Hamiltonian,
the good quantum numbers are NV, the shell number of
the single-particle wave function and I, the spin of the
system.

The solution to the Hamiltonian of Eq. (1) is of the
form

1/2

YI(\)= (--) 2 Cef(N) 2 no? (Dar,x"xa”
1672 K 7.2

+(=1)"'Du,k"x—0’), (7)

where the primed summations indicate the restriction on
possible values of K and ©; X is a label to specify which
state of a given I we are discussing; > .0’ no'xa” is a
solution of H,,, which we obtained for N=0 to 7 on an
electronic computer, using the matrix diagonalization
subroutine ANF-202. Dyk’ is a solution of the sym-
metric rotor problem. The matrix elements for the
asymmetric rotor, which are used for computing the
coefficients Cx?()), and the spacings of the rotational
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Level (I, )

I - 453.08
H 7/2- 412.08
G 9e- 308.94
E  5/2- 291.71
E  ¥2- 208.81
D we- 207.00
c 52- 99.07
B 3/2- 46.48
A 1/2- O keV

Fi16. 1. The energy-level spacings are taken from J. J. Murray,
F. Boehm, F. P. Marmier, and J. W. M. DuMond, Phys. Rev.
97, 1007 (1955) The spin assignments are those of reference 6.
Only the level at 453 keV is not considered to arise from the
ground-state single-particle wave function.

energy levels are given in a paper by Hecht and Satchler.5
This useful paper also gives formulas for calculating
many other nuclear properties. We reproduce from
reference 5 the equations which are relevant to the
present calculation.

First we define

(a+by= zﬂ' ne'n_-n’ (—1)7
" XU+DT—-2+DT2, ()

(B)= Jzﬂ no’n_grn? (—1)74
X[(T—@)T+a+1)T2  (9)

@)= ;}' (na”)*Q, (10)
(K= ,Z;l’ (no”)*(K—Q)%, (11)
(S9)= ‘%g' (@ar0-3,12)*— (@r.043,-1)% (12)
(S7)= & Y= Hare-y.12) (@1—ar3.1), (13)
where
angss=24,3% Q-2 2|7, Qng’. (14)
7

The quantity (a+b) corresponds to the decoupling
parameter for spin 3 bands in the axially symmetric
theory; (B) corresponds to the Coriolis interaction be-
tween two single-particle states in the axially symmetric
theory. (Kg)? is a measure of the square of the 3-com-
ponent of the rotor angular momentum. From Eq. (3),
we can see that, for large values of A4s;, states which
differ markedly in (K g)? will also be far apart in energy.
In the symmetric theory, it is assumed that As; is suff-
ciently large that (Kg)*=0 for low-lying rotational
levels.

5 K. T. Hecht and G. R. Satchler, Nucl. Phys. 32, 286 (1962).

RICHARD R. CHASMAN

The experimentally observed quantities which we
compute are the nuclear magnetic moment and the
energy level spacings. The one nucleus whose energy
level spacings we shall examine is W!%  where many
levels have been observed and spin assignments made.
The single-particle wave function which we use for W8
is such that (Kg)? is about the same for K=% and —%
and considerably larger for other values of K. In com-
puting energy level spacings we shall take into account
only the K=1% and —$ projections of I.

For the magnetic moment, u, we have®

p=gr{E—3L@)+(a+b) [} +32.L(S)+(5],  (15)

where gr~Z7/A4=0.4 nuclear magneton and g, is taken
as —3.826 nuclear magnetons.

We now set
At=A1+A,, (16)
A_=A1—“A2, (17)
and
p=As[(—3r)*—Gr)*], (18)

where the matrix elements in Eq. (18) are defined in
Eq. (11).
The energy levels relative to the ground state are®
E(r—sm=A+(14(a+0))+A~(B)+%p
+H{[A+(1+(a+b)+A~(B)—pF
+3[AHB)+ A~ (14-(a+8)) 312,
Er—sm=A4%(3.5-0.25(a+b))—0.254~(B)+14p
+3{[A*(1—1.5(a+b)—1.54(B)—p
+8[AHB)— A~ (1.5—(a+b)) TP}V,
Eger =A(T+1.5a+b))+1.54~(B)+1%p
+H[AT (14 2a+0))+24~(B)—pF
FH15[AHB)+ A~ (2+(a+b)) )12,

(19)
(20)

(21)

and

E(r—on=A+r(11.5—0.75(a+b)) — 0.75A~(B)+1p
+3{[AT(1—2.5(a+b)—2.54~(B)—p
+24[AH(B)— A~ (2.5—(a+b) P2 (22)

We then use the level scheme given in Fig. 1 and,
inserting the experimentally observed level spacings, we
compute values for A+, A=, p, (a+b), and (B). The
analysis which we make here corresponds to that of
Kerman® except that his K=% and K=% bands are
considered to arise from the same intrinsic state in the
present analysis. The major difference between the two
analyses is the wave function of the 7=} ground state.

In Table I, we give the values of {(¢a+5) and (B)
computed from the energy level spacings and the
measured value of the ground-state magnetic moment
for W18, We compare this! with the values of the
equivalent quantities for §=0.2, e=0 and with the
values obtained for §=0.215, ¢=0.026. From Table I,

¢ A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-Fys.
Medd. 30, No. 15 (1956).
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Tasre I. Properties of single-particle wave function.

Semiempirical ~ Calculated® Calculated
or for §=0.2, for §=0.215,
measured e=0 e=0.026
(a+b)® +0.16 —0.20 —0.06
(B)° +1.25 +0.9 +0.9
u (nm) +0.124 +0.8 +0.10

& See reference 1.

b Decoupling parameter.

¢ Coriolis interaction matrix element.

d P, B. Sogo and C. D. Jeffries, Phys. Rev. 98, 1316 (1955).

it is clear that the nonzero value of € has improved the
value of (a+b) relative to the axially symmetric value
while removing the very large discrepancy between ob-
served and calculated magnetic moments. We have
computed the values of these matrix elements for several
other choices of § and find, for u~0.1, (a+5) varies be-
tween —0.03 and —0.08, (B) lies between 0.8 and 1.0,
and e goes from 0.03 to 0.02 over the interval 0.15<§
<0.30. A value of 6 near 0.2 seems most reasonable as a
single-particle level which is mostly @= —7Z crosses our
single-particle level in this region.

The hydrodynamic model® gives a relation between
the quantities wy used in H,, and the inertial constants
AM. For

wu < [148 cos(y—3rM) ], (23)

we have

Ay [sin*(y—3zM) ], (24)
where M takes on the values 1, 2, and 3. Because we
chose to use positive values of ¢, w; and w, are inter-
changed in our calculation as are A; and 4,. Equiva-
lently, we use negative values of . In terms of § and ¢,
we have

—y=~30°(3¢/0). (25)

For the values §=0.215 and ¢=0.026, which we used to
fit the magnetic moment, we obtain y~—11°, However,
from the analysis of the energy levels in W8, we obtain
A*+=129.856 keV and 4~=0.324 keV which, using Eq.
(24), implies y>~—1°. From our analysis of the energy
levels, we cannot obtain a very reliable value of 4;. We
get p=184.55 keV but [(—3/2r)>—(1/2g)*] may be
close to zero (it varies from about zero to 0.8 over the
trajectory in 8, e space which we have considered). The
fact that we cannot get a reliable estimate of A; is
unfortunate as we do not then have a real test of Eq.
(24), i.e., is any value of v consistent with all three
inertial constants.

In any event, there is a serious discrepancy between
the value of ¥ implied by our single-particle potential
and that obtained from the analysis of the energy levels.
We cannot argue that y=0, 4; and A, are the inertial
constants for rotational bands based on two different
single-particle states, as does Kerman,® because this
leads to such a large error in the calculation of the
ground-state magnetic moment. We may argue that the
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Nilsson type of potential which we have used is not
quantitative, as is indicated by the lack of complete
agreement which we have between the semiempirical
and calculated values of (a+5) and (B). Alternatively,
we may argue that the relations between wj and A4
given in (23) and (24) are incorrect. There is evidence”
from even-even nuclei casting doubt on the ability of
(24) to give ratios of the inertial constants correctly.

We may argue that the discrepancy between the two
values of v arises from inaccuracies in our single-
particle potential [e.g., the values of C and D in Eq.
(2)]. The asymmetric oscillator wave function which
gives the correct ground-state magnetic moment is
mostly a mixture of the Nilsson levels [510 31— and
[51273—, which are very close in energy for y=0°. If
the single-particle potential were modified in such a way
as to bring an @=4% level near these two levels, for
v=0°, it is quite conceivable that a small value of v
would lead to a single-particle wave function having the
correct magnetic moment. We emphasize again that
v=0° will not give the correct wave function, as y=0°
gives states which are pure in Q and the correct value of
the magnetic moment depends crucially on the mixture
of Q states. It is also clear that the Coriolis interaction
applied to symmetric oscillator wave functions will not
give mixtures of @ to a level which has I=%. Our
problem is the magnitude of v, but it is clearly nonzero.

Continuing with the assumption that the single-
particle potential is inexact, we calculate the electro-
magnetic transition probabilities. Our assumption is
that the single-particle wave function which we ob-
tained for 6=0.215 and ¢=0.026 is approximately cor-
rect and can be used to calculate all unknown matrix
elements. Whenever possible, we use the values of
matrix elements obtained from the energy levels as
these are the values which we would presumably obtain
if our potential were exact. Beside single-particle matrix
elements, the values of v and Q enter into the calcula-
tion of the transition probabilities. We shall treat Q, as
a free parameter; for v, we insert the values —1° and
—11° and calculate the transition probabilities for both
cases.

Formulas for the reduced transition probabilities have
been given® for the asymmetric rotor model, and we use
the following set of numerical values for the single-
particle matrix elements:

(Q)=—0.48, (59=0.325,
(S§)=—0.187, (S+)=—0.144, (26)
(a+5)=0.17, (B)=1.25.

The first four numerical values are computed from
our single-particle wave function, and the last two are
taken from the analysis of the energy levels. For Q,, we
use the value 7X107%* cm?. The matrix element (S+) is

7 C. A. Mallman, Nucl. Phys. 24, 535 (1961).
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TasBLE II. Transition intensities.®
Symmetric
Expt.* model® y==11° y=-1°
C—4 0.93 14 0.98 1.05
C—B 1.0 1.0 1.0 1.0
D—B 0.44 0.36 0.54 0.51
D—C 1.0 1.0 1.0 1.0
E—A 0.17 0.45 0.32 0.46
E—B 1.0 1.0 1.0 1.0
E-C 0.10 0.17 0.25 0.26
F— 4 1.0 1.0 1.0 1.0
F—C 0.045 0.10 0.14 0.28
F—D 0.22 0.36 0.24 0.38
F—E 0.035 0.10 0.19 0.31
G- C 1.0 1.0 1.0 1.0
G—D 0.036 0.036 0.07 0.06
H—B 0.12 0.21 0.09 0.18
H-C 1.0 1.0 1.0 1.0
H—-D 0.12 0.16 0.13 0.16
H—E 0.031 0.07 0.09 0.10
H—-F 0.01 0.01 0.05 0.06
H-G 0.007 0.02 0.03 0.04

*» We compute the relative intensities of all transitions from the same
initial state. The most intense transition from each state is normalized to
1.0. Each transition is designated by the letters associated with the initial
and final states in Fig. 1.

b See reference 6.

given® as

(S )=§'(—1)‘(01.n+i.—4) (1041  (27)

In Table I, we compare the transition intensities for
v=—1°and y= —11° with the experimental values and
with those calculated by Kerman® for the axially sym-
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metric model. It should be emphasized that the calcula-
tion of Kerman treats all of the single-particle matrix
elements as adjustable, whereas the present treatment
does not adjust any of them to fit the observed transi-
tion intensities. From Table II, we see that the over-all
agreement with experiment for y=—11° is roughly the
same as that obtained by Kerman and for y=—1°, the
agreement is not quite as good. This suggests that the
value of v as given by the wave function may be more
accurate than that obtained from the moments of
inertia.

The ground-state spin of Os'# is %, and its measured
magnetic moment is about the same as that of W83, We
may account for this magnetic moment by assuming
that both nuclei have the same ground-state wave
functions.

Another spin § ground state with an anomalously low
magnetic moment occurs? in Fe?”, When we examine a
Nilsson diagram for the =14 single-particle state which
should be occupied by the last neutron in Fet”, we find a
nearby Q=% state. The measured magnetic moment® of
the ground state is 0.09 nuclear magneton, and we find
that for ¢/6~0.2 (y=~—20°) we can account for this
value quite satisfactorily for 0.2<8§<0.3. y=~—20° is
consistent with the value?® reported for Fe®,

The fact that an asymmetric harmonic oscillator po-
tential removes the discrepancies between the theo-
retical and experimental magnetic moments for W18,
Os'¥, and Fe®” is strong evidence for the inclusion of the
asymmetric term, ¢, in the nuclear Hamiltonian.

(1;6%) W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286
YE.D. Klema, C. A. Mallman, and P. P. Day, Nucl. Phys. 25,
266 (1961).



